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Abstract

This paper present an effective conjugate gradient method using hybridization approach of classical Newton direction
and conjugate gradient search direction, The method scheme satisfies the sufficient decent condition. Under some
condition, the global convergence result for the method is established. numerical results for some benchmark test
problems reported in this work, demonstrate that, the method is effective and competitive to some existing methods,
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1. Introduction
The general form of system of nonlinear equations is:

F(x) =0 )

Where F: R™ — R™ is a nonlinear map which assumed to be continuously differentiable functions.
The system of nonlinear equations arises in many areas of scientific computing and engineering
applications. A variety of different iterative methods have been developed for solving problem (1),
for example, Newton's method, quasi-Newton method, Gauss-Newton Method [16] and their
variants. However, they are not particularly suitable for solving large-scale problems, because they
need to solve linear system of equations using Jacobian matrix or its approximation at each
iteration. It is vital to mention that, theconjugate gradient (CG) methods are among the popular
methods used to solve large-scale system of nonlinear equations, due to their rapid convergence
property, simple toimplement and low storage requirement [1, 2]. In fact, conjugate gradient
method hasplayed a vital role in solving optimization problems.

However, it generates a sequence of iterative points {x,} fBBrom an initial guessx, € R", using the
iterative formula [3]
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Xk+1 = Xg + akdk, k = 0,1,2, (2)
Where x;is the previous iterative point, x;., is the current iterative point, a;, > 0 is the step-length
computed via any suitable line search technique and d,, is the search direction defined by:
_F(xk); lf k= 0,
i = {—F(xk) +Budy, if k=1 3)

Where F,, = F(x;) and 8, is termed as conjugate gradient parameter. Conjugate gradient methods differ
in their way of defining the CG update parameterf;, because differentchoices of S give rise to distinct
conjugate gradient methods with quite different computational efficiency and convergence properties.

Moh'd et al. [4] presents a Hybrid Broyden-Fletcher-Goldfab-Shanno (HBFGS) method which used the
search direction of the conjugate gradient methods with quasi-Newton update where their numerical result
providesstrong evidence that the proposed HBFGS method is more efficient than the ordinaryBFGS
method. Furthermore, Ibrahim et al. [5] followed the approach in [4] to present aHybrid BFGS CG method
for solving unconstrained optimization problems; the methodhas been presented based on combining search
directions between conjugate gradient method and quasi-Newton method where the methods have shown
some significant improvement for solving large-scale problems with less number of iterations and CPU
timerespectively. However, Hamed et al. [9] equally modified the work in [4, 5] and Presented a new
algorithm for convex Nonlinear Unconstrained optimization problems byproposing the search direction as
defined in [4, 5]. The new search direction is defined as:

dr+1 = —AkGr+1 + PrcHr+19k+1 4)
Where Hy,, 4 is the approximation matrix of BFGS updated matrix and A is a positive constant. And the
parameters 1, and pyare respectively defined as:

(1+0)SE gk+1
A = —F—77 5
k yzgk+1 ( )
and
_ kY Gir1=tSE Gr1
Pr = T : (6)
kIk+1
Where t > 0 and the conjugate gradient (CG) parameter is obtained as:
— VkPKYR k+1tSEYkTk+1Sk —AkSk VieD 15k 7
ﬁk - 2T ( )
lIskll*sk Yk

Therefore, it is very important to state that, solving BFGS-CG methods is severallyused in unconstrained
optimization problems [9], they are particularly efficient due totheir rapid Convergence properties, simple
to implement and low storage requirement[6, 9]. However, they are very scanty in solving system of
nonlinear equations, this iswhat motivated us to write this paper. Furthermore, (1) can come from an
unconstrained optimization problem, a saddle pointand equality constrained problem [10]. Let f be a norm
function defined by;

f@) = 1IF@)I12 ®)
Then the nonlinear equation in problem (1) is equivalent to the following global optimization problem [6,
12].

minf(x), xeR" 9)

We organize the paper as follows. In the next section, we present the details of our proposed method,
convergence result is presented in section 3. Some numerical results are reported in section 4. Finally,
conclusions are made in section 5.
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2. Derivation of the method

In this section, we present new hybrid conjugate gradient (CG) update parameter 3, via two other
parameters A, and p;. This is made possible by combining the search direction proposed by Hamed et al.
[9], given by:

dics1 = —AF (K1) + predict1F (k1) (10)
together with the classical Newton direction given by:
dics1 = —Jiet1 F (Xper1) + Ay (11)
Where J 1, is the inverse Jacobian matrix. Multiplying equation (10) and (11) by y! we have;
Vi dirr = =AY F (1) + peVicJictr F (e, (12)
and
Vi rr1 = ~ViJicirF (uesr) + Aeyic dye. (13)
By conjugacy condition;
Yidis1 =0. (14)
And also from weak secant condition, i.e
Yiki1 = Sk- (15)
We assume /i1, is symmetric. By applying (14) and (15) in (12) we obtain:
T
Ay = EGern) (16)
Vi Ak
Also, substituting equations (14) and (15) in (12) we have;
p — Akyl’fp(xk+1) (17)
kT STF(en)

Recall that the classical CG direction is defined to obtain an updated version of the conjugate gradient
method associated with new parameter S;, we compare the standard CG direction;

_ diy1 = —F(xp41) + BrSe (18)

with

dics1 = —AF (Xies1) + picira F (pern)- (19)
Therefore, form (18) and (19) we have;

—2F (K1) + prficir F (Kee1) = —F (Xpes1) + BieSk- (20)
Multiplying (20) by yI we have;

~MeYi F(Xies1) + pieYidirr F (Ker1) = =Y F (K1) + BieYi Sk (21)
After some algebraic simplifications, we obtain our proposed parameter S, as;

K F (k1) +Vi F (k1) =AaVi F(Xpsn)

B = PrSit \Xk+1) TV ylfxsl:-l ki P\ Xker1) (22)
(22) further simplifies to:

B = PkslrF(xk+1)‘;(;;jk)yzp(xk+1). (23)

k
Finally, substituting (16) and (17) in (23), our CG parameter (3, becomes:
T
Y F(xg4q1)

Bro =M rs (24)

and our search direction is given by:
_ yzF(xk+1)
i1 = —FCter) + (T 77 ) sk (25)
k°k

Remark 2.1
For our search direction to satisfy the sufficient decent condition;

Fidy < —c||Fll?, >0 (26)
we re-define our search direction as follows;

T
dirs = —0F (i) + (2] 5, 27)
k°k
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whereé is a parameter to be determined in such a way the search direction satisfies the decent condition in
(26). Multiplying equation (27) by FT, ; gives:

T
Vi F (Xpe41)
FIZ+1dk+1 = _9||Fk+1||2 +< yTSk FkT+15k
k
K F(tiean)
< —011Fiera |1? +PE 2 || F il (28)
k°k

[y 11 Fres1 117
T
k Sk

< =0||Feeall® + |kl

The second inequality follows from Cauchy-Schwartz inequality. But m||si|| < ||lyk|| < M||sk|| (see
Lemma 3.20f [9]), i.eyls, = m||sil| = y%s < m for M >m > 0.
k k

Inequality (28) implies that:

M]||sp||?
Fiy1disr < —6]|Fpqql|? +W”Fk+1”2
M
< —0||Fy41lI? ‘|';||Fk+1||2 (29)

< (9 M) F, 2
< mll k+1 1l

For the search direction to satisfy (26), we need;

M
0=c+—, (30)
where ¢ is a positive constant. Without loss of generality, we select:
M
0=c+ e (31)
Hence, the inequality in (29) becomes;
M M
Fliydiar < = (c+ 2= 2) [[Fega |17 = =clFegal 1% (32)

Which clearly shows that, our conjugate gradient search direction satisfies the sufficient decent condition
in (26).

Furthermore, to compute the step-length a;,, we apply the derivative-free line search procedure proposed
by Li and Fukushima in [10].

Let w; > 0, w, > 0 and r € (0,1) be constants and let {n, } be a given positive sequence such that:
Yk=oMe <1 < (33)

f O + ardi) = f(x) S — 1|l F ()12 = oo || awdi|1* + micf (i), (34)

wherea, = r and i is the smallest non-negative integer i such that (34) holds with a; replaced by .
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We can describe the algorithm of our method as follows:

2.1 Algorithm 1 (ADSHCGM)
Algorithm 1 (ADSHCGM)

Step 1: Givenx, € R", € > 0,dy = —F(x), set k = 0.

Step 2: Compute F (xy).

Step 3: If || F(x)|| < &, then stop, else, go to step 4.
Step 4: Compute the step-length «; using (34).

Step 51 Set xp4q = x5 + apdy.

Step 6: Compute F(xj41)-

Step 7:  Compute y = F(xp41) — F(xp).

Step 8: Compute A;, and p; from (16) and (17).

Step 9: Compute S using (23).

Step 10: Update dj,; using (27).

Step 11: Set k = k + 1 and go back to step 2.

3 Convergence Analysis

This section is devoted to a study of the global convergence of our method (SHCGA). To begin with, let us

define the level set:

Q= {x: ||F(x)|| < ||F(x0)||}

(35)

The following basic assumptions are required in order to analyze the convergence of our algorithm 1.

Assumptions:

(1) There exists x* € R" such that F(x*) = 0.

(2) Fis continuously differentiable in a neighborhood of x*.

(3) The level set Q as defined by (35) is bounded.

(4) CG direction is a good approximation to Newton direction, i.e

[IF' (cks1)dierr — (dirr — Biesi)l| < €| IF Gera) ]|,

wheree €(0,1) is a small quantity [12], [16] and [50].

(36)

(5) The Jacobian of F is bounded and positive definite on N. i.e there exists positive constants M >

m > 0 such that:

||F’(x)|| <M VxeN, and

m||d?|| < d"F'(x)d Vx xeN, deR".

(37)
(38)

Lemmal Suppose assumption 1 holds. Let {x,} be generated by the SHCGA algorithm, then
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lim [|aydy || = Jim|ls, ]| = 0, (39)
and
lim ||ay F () || = 0 (40)
Proof: From the line search in equation (34) and for all K > 0, we obtain:
2 2 2
wa|lardil|” < wi|lagFil|” + w,|laedyl|

2 2 2
< [1Fel|” = [IFa | + mic[1Fe ] (41)
And by summing up the above k mequallty, we obtain:

k
wZZHakdkll Z (1FGDI = [1F G D) + ) mellF Gy
i=0

k
= G = 11F G DI + ) el FGe P
i=0
k
< 1IFG)II? + [IFC)l ) i
i=0

< 1IFG)II? + [IFC)l ) i

< MZ +M2 Zl oM (42)
Therefore, from the level set and the fact that {n,} satisfies (33), then the series ¥, ||0fk,dk||

convergent, which implies that (39) holds. using the same argument as above, with w4 ||a; Fy || on
the left hand side, we obtain (40).
Lemma 2 Suppose assumption 1 holds. Let the sequence {x;} be generated by the SHCGA
algorithm with update parameter S ,then there exists a constant m, > 0 such that for k>0,

| d5HeA|| < m, (43)
Proof: From (27) we have

T
[dical] = 1 ~0F Geirn) + (5022) 5| 1.(44)
Applying triangular inequality we’ve;
T
lldiera 1] < 181]1F e )| + |[ZEEF2) 1511 (45)
F
< 16117 G| + 2] (46)
F
< 1611 G )| + L2ellEGrenllisd (47)
Vil [|IF Cer )] |15k
< 10111F Gty + 2 GelIokl g
M 2||F
< 101[1F G )| + Gl (49)
Inequality (46) follows from Cauchy-Schwartz inequality. From the level set and (31) we have;
MI||F
||dk+1|| s( )||F(xo)|| + HIEE (50)
MI||F
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Therefore, (52) shows that (43) holds.
We are now going to establish the global convergence of our method, in order to show that under
some suitable conditions, there exists an accumulation point of sequence x;, which is a solution of
problem (1).

Theorem: Suppose assumption 1 holds and that the sequence { x; }is generated by the SHCGA
algorithm. Also, assume that for all k>0,
|F ()T dil

T Z C e (53)
where ¢ is some positive constant. Then { x, } converges globally to a solution of problem (1); i.e
lim |IF Go)l| = . (54)
Proof: By the boundednessof dj,, we have;
lim ald |12 = 0. (55)
From (53) and (55) we have
,li_r)glo|F(xk)Tdk| = 0. (56)
From our proposed direction, we have;
dir1 = —F(x41) + BrSk (57)

Therefore, by multiplying (57) by F(x;4,)T, we obtain:
F(xg41) disr = —F (s )"F (K1) + BiF (Xpe41) s (58)
IIF (e DI = =F (1) dir + BicF (pern)” S (59)

F (s DI? < 1=F (s 1) diesr | + 1BicF (g )" Sicl- (60)

IF (s DII? < 1=F a1 i | + 1Bl F e DT |Isiel|- - (82)
But (53) implies that;

|l diel|? = c|F ()" dyc|, (62)
Since ||dg|| is bounded and Jim |F(x,)Tdy| = 0, we have Jim ay|ld]|? = 0. Thus,

0 < clF(x) diel < a|ldiel|* = 0. (63)
Then we have;
F Q)2 < |=FCa)Tdil + 1Bl [IFCe)TH||Isk ]| = 0. (64)
Therefore,
lim ay|ldyl|? = 0. (65)
The proof is completed.

4. Numerical Results
In this section, the performance of our method for solving systems of nonlinear equations compared with
NHCG method for symmetric nonlinear equations [49] and NHCGP [48] is reported.

ADSHCGM stands for our method and both cases, we set the following:
w; =w,=10"%  r=0.2.

The codes were written in MATLAB 8.9.0(R2014a) and run on a personal computer 2.00GHz CPU
processor and 3GB RAM memory. We stopped the iterations if the total number of iterations exceeds 1000
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or ||[F(x)|| < 107*. We tested the three methods using twenty two (22) test problems with different initial
starting points (x,), and dimensions (n-values). We present here some of the benchmark test problems with
dimensions 1,000, 10,0000, 20,000, 50,000 and 100,000 respectively used to test our proposed method in
this research (i.e ADSHCGM).

Table 1: The Summary of Numerical Results is reported Here.

ALGORITHMS
ADSHCGM NHCG NHCGP Undecided
Total number of problems 120 120 120
Total number of problems 110 110 110
Problems solved with less 95 10 12 13
number of iterations

Percentage 77.27% 4.54% 6.36% 11.83%
Problems solved with less 90 10 8 12

CPU time

Percentage 72.72% 9.09% 71.27% 10.92%

To illustrate the performance of the three methods, a summary of the results is presented intablel.
The summarized data shows the number of problems for whichmethod is a winner, in terms of
number of iterations and CPU time respectively. Thecorresponding percentages of number of
problems solved by each method are also reported. The summary reported in table 1 indicates that
the ADSHCGM scheme is a winner with respect to number of iterations and CPU time. The table
shows that, the SHCGA methodsolves 77.27% (95 out of 120) of the problems with less number
of iterations, comparedto the NHCG method, which solves 4.54% (10 out of 120) and NHCGP
method whichsolves 6.36% (12 out of 120). The summarized result also shows that both methods
solvel3 problems with the same number of iterations, which translates to 11.83% and is reported
as undecided. Also, the summary indicates that the SHCGA scheme outperforms the NHCG and
NHCGP methods as it solves 72.72% (90 out of 120) of the problemswith less CPU time compared
to 9.09% (10 out of 120) solved by the NHCG methodand 7.27% (8 out of 120) by the NHCGP
method. Therefore, it is evident from figures 1 and 2 and the summarized result in table 1 that, our
method is more effective thanthe NHCG and NHCGP methods, and therefore, more suitable for
solving large-scale system ofnonlinear equations.

Figure 1: Performance profile of ADSHCGM, NHCG and NHCGP Algorithms with respect to
the number of iterations for the problems
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Figure 2: Performance profile of ADSHCGM, NHCG and NHCGP Algorithms with respect to
the CPU time (in seconds) for the problems
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Figures (1) and (2) show the performance of our method based on the number ofiterations and
CPU time respectively, which were evaluated using the profiles of Dolan and More [11]. For each
method, we plot the fraction p(7) of the problems for which the method is within a factor zof the
best time. The top curve is the method thatsolved the most problems in a time that was within a
factort of the best time. The summary of the numerical results of the three (3) methods are reported
in Table 1. The summaryof numerical results indicates that the proposedmethod, i.e ADSHCGM
has minimum number of iterations and CPU time, compared toNHCG and NHCGP respectively.
Except for problems 1 and 11 where the number of iterations in ADSHGCM of large dimension
is more than that of NHCG and NHCGP. We can easily see that our claim isfully justified from
the table, that is, less CPU time and number of iterations for eachtest problem with the exception
of problems 1 and 11. Furthermore, on the average, our||F(x;)]|| is too small which signifies that
the solution obtained is the true approximationof the exact solution compared to NHCG and
NHCGP schemes.

5 Conclusion

In this paper, we presented a new spectral hybrid conjugate gradient method (ADSHCGM),for
solving system of nonlinear equations and compared its performance withthat of (NHCG and
NHCGP) methods for symmetric nonlinear equations [6], by performing some numerical
experiments. We however proved the global convergence of ourproposed method, by using a
derivative-free line search proposed by Li and Fukushima[10], and the numerical results show that
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our method is very efficient and effective. This research canbe extended to large-scale nonlinear
monotone system of equations with applications tosignal and image recovery problems.
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